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Abstract. Different q-factor definitions are considered. The formula connecting
different q-factors is given. Also it is pointed the way to find all the q-factors from
experimental data.
PACS numbers: 32.80.Ys,34.80.Lx,11.30.Er
1. Introduction
At present time the problem of α = e
2
~c
(fine-structure constant) variation is of great
interest for many scientists (Jean-Philippe Uzan 2003). To extract information about α
variation from the atomic experimental data one needs so called sensitivity coefficients
or q-factors for the transition frequencies. In general the q-factor is just the derivative
of the transition frequency over one of the fundamental constants such as velocity of the
light c (the usual choice), the Planck constant ~ or elementary charge e. The calculation
of the q-factors is a severe task in general case. It is usually done by the numerical
differentiation of the energies (Dzuba et al. 2002). Therefore it is very important to find
method to estimate q-factors from the experimental data (without any atomic structure
calculations). The main idea of the report is to apply for the q-factor calculation the
Hell-Mann-Feynman theorem.
2. Different q-factors definitions and connections between them
Let’s take the relativistic hamiltonian of the atomic system in the form
H = h1 + h2 + h3 (1)
where
h1 =
∑
c(−→α · −→p ) (2)
h2 =
∑[ e2
r12
−
e2
2
(
(−→α 1 ·
−→α 2)
r12
+
(−→α 1 ·
−→r 12)(
−→α 2 ·
−→r 12)
r312
)]
−
∑ e2Z
r
(3)
h3 =
∑
mc2β (4)
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The term h1 corresponds to the kinetic energy of the system of the electrons, the term h2
presents the Coulomb interaction of the electrons with atomic nucleus and interelectron
interaction (both Coulomb and Breit) between electrons and finally the h3 term is the
rest mass term. Applying the Hell-Mann-Feynman theorem to the diagonal matrix
element of the hamiltonian (1) one can easy receive
c
∂〈H〉
∂c
= 〈h1〉+ 2〈h3〉 (5)
~
∂〈H〉
∂~
= 〈h1〉 (6)
e2
∂〈H〉
∂e2
= 〈h2〉 (7)
Let’s introduce the definitions qc = c
∂〈H〉
∂c
, q~ = ~
∂〈H〉
∂~
and qe = e
2 ∂〈H〉
∂e2
for the velocity
qc-factor, Planck constant q~-factor and elementary charge qe-factor respectively. As a
consequence of the formulae (5, 6, 7) we have the relation of the q-factors
〈H〉 =
1
2
(qc + q~) + qe (8)
The virial theorem yields
〈h1〉 = −〈h2〉 = q~ = −qe (9)
As a consequence of the formulae (5, 8, 9) we have
〈H〉 = 〈h3〉 (10)
Taking into consideration formulae (5, 10) and q-factors definitions one can easy receive
for the qc
qc = q~ + 2E (11)
where E = 〈H〉 is the energy of the reference state. It’s easy to see that formulae for
the q-factors given above are valid not only for one particular energy level q-factors but
also for the difference of the q-factors (transition q-factor). In the latter case one needs
to change the term 2E in the formula (11) to 2ω (doubled transition frequency). So in
the following we’ll not make the difference between one particular energy level q-factor
(energy of the state) and transition q-factor (transition frequency).
3. Approximate formulae for the q-factors
It’s clear that to find all three q-factors it is enough to receive just one of them. Omitting
the operators corresponding to the interelectron interaction in the formula (3) we have
the following approximation for the qe-factor
qe ≃
〈
−
∑ e2Z
r
〉
(12)
The matrix element in formula (12) looks like the first order perturbation theory
correction to the energy of the reference state due to the Coulomb interaction of the
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electrons with nucleus (with factor Z omitted). This correction may be extracted from
the experimental data. For example one can compare the spectral lines data for the
ion of the interest and one elementary charge higher nucleus ion data (with the same
number of electrons). Therefore one can write the next approximation
qe ≃ Z (EZ+1 − EZ) (13)
Where the EZ+1 and EZ are the energy of the reference state perturbed by Coulomb
potential (in the ion with the charge of the nucleus amounts to Z+1) and reference state
energy (in the ion with the charge of the nucleus amounts to Z) respectively. Combining
together the formulae (9),(11) and (13) one can easy get the final approximate formula
for the qc-factor
qc ≃ (Z + 2)EZ − ZEZ+1 (14)
Several approximations were made to receive the formulae (13) and (14). The possibility
and quality of these approximations is the question in each particular atomic system
case.
4. Conclusions
All the possible q-factors are connected each other (corresponding formula is given).
Application of the formulae (13), (14) gives the possibility to find all the q-factors from
experimental data.
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